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Abstract
A shape memory alloy damping inerter (SDI) with an SMA placed in parallel with an inerter
and then in serial with a spring was developed as a vibration control device, where the inerter is
utilized to amplify the deformation of SMA to improve the energy dissipation capacity.
However, SDI can have other mechanical layouts when an SMA, an inerter and a spring are
involved, which may exhibit different control effectiveness. Moreover, explicit design methods
aiming to achieve the optimal performance of the SDI systems remain unexplored. In this study,
SDIs with different mechanical layouts are proposed and compared, and design method for the
SDI-equipped structure is developed. Firstly, the mechanical model of a structure with SDI
systems is separately established. Parametric analysis is then conducted in terms of the
displacement response, acceleration response and damping enhancement effect. Selection for
appropriate SDI mechanical layout can be identified based on parametric analysis results.
Additionally, design method based on maximizing the damping enhancement effect to fully
develop the energy dissipation capacity of the SMA under the target structural response
mitigation ratio is proposed. The performance of the optimal designed SDI-equipped structures
is finally evaluated in the time-domain. Results show that both the displacement and acceleration
responses of the SDI-equipped structures can be effectively mitigated by using the proposed
optimal design method. Among the optimized SDI systems, the energy dissipation capacity of
SMA is almost similar. Different SDI systems differ in the energy dissipation characteristic. The
SMA-spring-paralleled SDI exhibits minimum damping force, indicating a better damping
enhancement effect and less material demand of SMA than the other SDI systems.
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(Some figures may appear in color only in the online journal)

1. Introduction

Structural vibration control technologies have been proven to
be an effective strategy to ensure structural safety under differ-
ent external excitation [1–3]. The passive control technology
is widely used owing to its long-term reliable control effect
[4–6], and various passive dampers have been proposed and

∗
Author to whom any correspondence should be addressed.

investigated [7–9]. The working principle of these dampers
is to dissipate most of the energy transferred to the primary
structure, thereby reducing the structural vibration responses.
Shape memory alloy (SMA) known as a smart material with
the unique super-elastic property is a promising energy dis-
sipation material in structure control [10–12]. It can provide a
stable hysteretic loop and energy dissipation capacity without
permanent residual deformation [13, 14].
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On top of that, a variety of SMA-based dampers have been
proposed and investigated [15–17]. Mishra et al [18] com-
bined the SMA with the tuned mass damper to reduce the
mass ratio of the conventional tuned mass damper. Parulekar
et al [19] analyzed a steel structure with an SMA damper and
shake table tests were carried out to validate its control effect-
iveness. Silwal et al [17] proposed a super-elastic viscous
damper that combined the re-centering capability of SMA and
energy dissipation capability of the viscoelastic damper. Qian
et al [20] experimentally investigated the performance of a re-
centering SMA friction damper where the input energy was
dissipated by the integrated friction devices. Qiu et al [21]
developed an SMA-based self-centering damper whichmainly
utilized the re-centering capability of SMA. As summarized
above, SMA-based devices are effective in mitigating vibra-
tion responses and reducing structural residual deformation.
However, these devices mainly focused on directly utilizing
the hysteretic characteristic of SMA to dissipate the vibra-
tion energy or the re-centering capability of SMA. Consid-
ering that the inherent damping of SMAs is limited, a large
amount of SMAs are usually needed to achieve the desired
energy dissipation effect, which may potentially bring high
material demand [17]. Therefore, some researchers also com-
bined SMAs with other geometrical amplification devices to
further improve the energy dissipation capacity of SMA. Li
et al [22] proposed a scissor-SMA damper with the displace-
ment magnification characteristic, which achieved a larger
response reduction compared to the devices without displace-
ment magnification. Zhang et al [23] employed a level system
to amplify the deformation of the SMA-friction damper and
a ten-story frame building was adopted to validate its control
effectiveness.

In addition to adopting the above methods to improve
the energy dissipation capacity of SMA, inerter system with
mass enhancement [8] and damping enhancement effects [24]
also provides a potential alternative. Typical inerter systems
comprise three basic mechanical elements: the inerter, the
damping, and the spring elements [7, 25]. The inerter is a
two-terminal mechanical element in which the resisting force
is proportional to the relative accelerations between its two
terminals [8, 26, 27]: Fin = min (ü2 − ü1), where min is the
inertance with a dimension of mass, ü2 and ü1 are the accel-
erations of its two terminals. The implementation of the two-
terminal inertial element was initiated by Kawamata in 1973
[26]. At the beginning of this century, Saito et al [28] and
Ikago et al [8, 29] proposed the tuned viscous mass damper,
explicitly using the mass enhancement and damping enhance-
ment effects of the inerter system. When the inerter element
is excited by the external force, it can generate apparent mass
(inertance) far greater than the gravitational mass of the inerter
element, therefore more vibration energy can be absorbed
without introducing extra inertia force to the primary structure
[8]. Additionally, when the inerter element is serial connec-
ted to the spring element, the deformation of the damping ele-
ment can be enhanced owing to the asynchronous vibration of
the inerter system, thereby the damping element can dissipate
more energy, which is the damping enhancement effect of the
inerter system [8, 24]. Zhang et al [24] discovered and proved

the damping enhancement equation which revealed the the-
oretical essence of the damping enhancement effect. Based on
the damping enhancement effect of the inerter system, Jia et al
[30] developed an innovative SMA damping inerter (SDI) and
demonstrated its effectiveness in mitigating structural seismic
responses, where the inerter element was in parallel with the
SMA and then serially connected to a spring element. And the
parameters of the proposed SDI were determined by approx-
imate estimation. After SDI was proposed [30], other schol-
ars have also begun to work on SDI system. Das et al [31]
proposed an SDI system for wind-induced vibration control,
where the SMA is in parallel with an electromagnetic trans-
ducer for energy harvesting purposes. Tiwari et al [32] com-
bined the SDI system with the tuned mass to control the vibra-
tion response of the adjacent system, where the SMA, the
tuned mass and the inerter are within a serial layout. Addi-
tionally, when only three basic mechanical elements (an SMA,
a spring and an inerter) are involved within the SDI, it can
have other mechanical layouts which may exhibit different
control effectiveness. And an explicit optimal design method
applicable to the SDI-equipped structure remains unexplored.
Therefore, it is necessary to identify the characteristic of dif-
ferent mechanical layouts of SDI, and on this basis propose
an optimal design method to optimize the parameters of SDI
systems.

In this study, SDI systems with different layouts of the
three basic mechanical elements are proposed and compared,
and a design method applicable to the SDI-equipped struc-
ture is developed. To this end, the structure with different SDI
systems is separately established. The governing equations of
motion of each SDI-equipped structure are respectively given,
and random vibration analysis is carried out based on the
equivalent linearization of the nonlinear SMA in section 2.
An extensive parametric analysis concerning the key para-
meters of the SDI is then conducted in section 3 in terms of
the displacement response, acceleration response and damp-
ing enhancement effect. Subsequently in section 4, under tar-
get displacement and acceleration response mitigation ratio,
an optimal design method aiming to maximize the damping
enhancement effect of the SDI systems to fully develop the
energy dissipation capacity of the SMA is proposed. Different
target structural response mitigation ratios are considered as
the design cases, the performance of the optimal designed SDI-
equipped structures is finally evaluated in the time domain.
Eventually, conclusions are drawn in section 5.

2. Theoretical analysis of structure equipped with
the SDI system

2.1. Mechanical model

As depicted in figure 1, for the three basic mechanical ele-
ments within the SDI, the damping enhancement effect of
the SDI can be generated when the inerter element is seri-
ally connected to the spring element owing to the asynchron-
ous vibration between the serial inerter and spring element
[8, 24, 33]. In other words, the deformation of the SMA in
SDI can be amplified by the inner actions between the inerter
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Figure 1. Schematics of the SDOF structure equipped with SDI system.

element and the serial spring element. Because of this damping
enhancement mechanism, the SMA in the SDI can dissipate
more vibration energy than a pure SMA damper [30]. There-
fore, three basic layouts of an inerter element with inertance
min, an SMAwith initial stiffness ks, and a spring element with
stiffness kd are considered and labeled as SDI-I [30], SDI-II
and SDI-III, respectively. The 1st one is SDI-I [30], where
the inerter element is placed in parallel to the SMA, and then
serially connected to the spring; in the 2nd layout (referred
to as SDI-II), the SMA is placed in parallel to the spring and
then in series with the inerter; in the 3rd layout (denoted as
SDI-III), all three elements are serial connected. A single-
degree-of-freedom (SDOF) structure with a mass element (m),
a spring element (k), and a damping element (c) equipped with
an SDI system is adopted as the analytical model. The govern-
ing equations of motion are established based on the dynamic
equilibrium condition, respectively. For the SDI-I equipped
structure [30]:{

mü+ cu̇+ ku+ kd(u− uin) =−mag
minüin +FSMA = kd(u− uin)

. (1)

For the SDI-II equipped structure:{
mü+ cu̇+ ku+minüin =−mag
kd(u− uin)+FSMA = minüin

. (2)

For the SDI-III equipped structure:{
mü+ cu̇+ ku+minüin =−mag
kd(u− uin − us) = minüin = FSMA

. (3)

in which u, uin and us represent the relative displacements of
the structure, the inerter element and the SMA, respectively;
ag is the ground acceleration; FSMA is the restoring force of
the SMA which can be expressed as [18, 34]:

FSMA = αksus +(1−α)ksZs (4)

where α represents the stiffness ratio of SMA’s stiffness in
martensite phase to austenite phase [18, 34]; ks is the initial

Figure 2. Force–deformation relationship of the super-elastic SMA.

stiffness of SMA in austenite phase; Zs represents the hys-
teretic component of displacement in the SMA, which is the
function of the displacement us [34]:

Zs = {1− sign [sign( |us| − ua)+ 1]}us

+
sign(|us| − ua)+ 1

2

[
sign(us)+ sign(u̇s)

2
(ub − ua)

+ ua sign(us)

]
(5)

in which sign(us) is a sign function gives −1, 0 or 1 depend-
ing on us is negative, zero or positive; ua and ub are the
elastic limits of austenite phase and the displacement trig-
gering martensite phase transition, respectively. The detailed
force–deformation relationship of the super-elastic SMA can
therefore be shown in figure 2.
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2.2. Stochastic response solutions

From the above section, it can be seen in figure 2 that the force-
deformation relationship of SMA exhibits nonlinear behavior.
In the mathematical modeling of the nonlinear behavior of the
SMA [34–37], the stochastic equivalent linearization method
is widely used [34, 36] to derive the stochastic responses under
random excitations, which enables the nonlinear term Zs in
equation (4) replaced by the equivalent linearized form Z̃s as
follows [34]:

Z̃s = c̃u̇s + k̃us (6)

where c̃ and k̃ are the equivalent linearized coefficient, determ-
ined by minimizing the mean square error between the actual
nonlinearmodel Zs and the equivalent linearizedmodel Z̃s, that
is:

∂
[
E
(
Z̃s −Zs

)2]
∂c̃

= 0,
∂
[
E
(
Z̃s −Zs

)2]
∂k̃

= 0 (7)

in which E [ ] represents the expectation operator. Solving
equation (7) yields that:

c̃=
E [u̇s ·Zs]
E [u̇2s ]

, k̃=
E [us ·Zs]
E [u2s ]

(8)

Substituting equation (5) into equation (8) follows that [34]:

c̃=
(ub− ua)√

2πσu̇s

[
1− erf

(
ua√
2σus

)]
, k̃=

(ua+ ub)√
2πσus

exp

(
−u2a
2σ2

us

)
(9)

in which σus and σu̇s are the root-mean-square values of us and
u̇s, respectively, and erf(η) is the error function expressed as:

erf(η) =
2√
π

ηˆ

0

e−χ2

dχ. (10)

Substituting equation (6) into equation (4), the equivalent form
of the restoring force of the SMA can be obtained.

FSMA = αksus +(1−α)ks
(
c̃u̇s + k̃us

)
= cequ̇s + kequs (11)

where the equivalent stiffness keq and the equivalent damping
coefficient ceq in equation (11) can then be expressed as:{

ceq = (1−α)ksc̃

keq = αks +(1−α)ksk̃
. (12)

Once the restoring force FSMA is linearized through the equi-
valent linearization method, the equations (1)–(3) can be all
expressed in the matrix form as follows:

Mü+Cu̇+Ku=−Mτag (13)

where M, C and K represent the mass, damping and stiffness
matrices, respectively; u, u̇ and ü are the vectors of displace-
ment, velocity, and acceleration relative to the ground, respect-
ively; τ is the load influence vector.

Owing to different mechanical layouts of the three ele-
ments, the mass, damping, and stiffness matrices in equation
(13) differ. For the SDI-I equipped structure, the matrices and
vectors entering equation (13) can be expressed as [30]:

M=

[
m

min

]
, C=

[
c

ceq

]
,

K=

[
k+ kd −kd
−kd kd + keq

]
,

u=
{
u uin

}T
, u̇=

{
u̇ u̇in

}T
,

ü=
{
ü üin

}T
, τ =

{
1 0

}T
. (14)

Likewise, corresponding matrices for the SDI-II equipped
structure take the following form:

M =

[
m

min

]
,C=

[
c+ ceq −ceq
−ceq ceq

]
,

K=

[
k+ kd + keq −(kd + keq)
−(kd + keq) kd + keq

]
, u =

{
u uin

}T
,

u̇ =
{
u̇ u̇in

}T
, ü =

{
ü üin

}T
, τ =

{
1 0

}T
. (15)

Similarly, the matrix forms for the SDI-III equipped struc-
ture can be expressed as follows:

M =

 m
min

0

 ,C=

 c
0

ceq

 ,
K=

 k+ kd −kd −kd
−kd kd kd
−kd kd kd + keq

 , u=
{
u uin us

}T
,

u̇=
{
u̇ u̇in u̇s

}T
, ü=

{
ü üin üs

}T
,

τ =
{

1 0 0
}T

. (16)

Then equation (13) can be formulated into the space-state
forms as follows:

[
O M
M C

]{
ü

u̇

}
+

[
−M O
O C

] {
u̇

u

}
=

{
0

−Mτ

}
ag

(17)
where O and 0 denote the zero matrix and zero vector,
respectively.

Considering the stochastic feature of the vibration pro-
cess, random vibration analysis is adopted to obtain the mean-
square responses of the SDI-equipped structure. The pseudo
excitation method [38–40] is used to obtain the power spec-
tral density of structural dynamic response, which is an effi-
cient and accurate method to solve the governing equations of
motion under random excitation. Assuming the ground accel-
eration ag in equation (13) is harmonic which can be expressed
as:

ag =
√
Sg(ω)e

iωt (18)
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where Sg (ω) is the input power spectral density. The calcu-
lated response in equation (17) can then take the following
form:

u(t) = u(ω)eiωt. (19)

Substituting equation (19) into equation (17), the power spec-
tral density of the structural response can be calculated as
follows:

Su (ω) = ū(ω)⊙u(ω) (20)

where ū represents the conjugate matrix of the relative dis-
placement response vector u, and the symbol ⊙ denotes the
Hadamard product calculation.

The variance for structural displacement can subsequently
be calculated as:

σ2
u =

∞̂

−∞

Su (ω)dω. (21)

Similarly, the variance for absolute acceleration response
can be obtained:

σ2
a =

∞̂

−∞

Sa (ω)dω. (22)

Considering the stochastic nature of the ground acceler-
ation, the input power spectral density function applied in
equation (18) is modeled using the Kanai–Tajimi filtered spec-
trum modified by Clough and Penzien [41], with the 2nd fil-
ter in series based on the Kanai–Tajimi spectrum. The Clough
and Penzien spectrum makes Sag (ω) tends to be zero as ω
approaches to zero, avoiding the unrealistically high values of
the power spectral density in a low-frequency area. Therefore,
the Clough and Penzien spectrum is more realistic to the actual
ground excitation process and has wider applicability, which
can be expressed as follows [42, 43]:

Sag (ω) = S0
ω4
g + 4ζ2gω

2
gω

2(
ω2
g −ω2

)2
+ 4ζ2gω2

gω
2

ω4(
ω2
f −ω2

)2
+ 4ζ2f ω

2
f ω

2

(23)

where Sag (ω) is the filtered power spectral density; ω is the
filter frequency; S0 is the spectral density of the white noise
excitation; ωg and ζg are the natural frequency and damping
ratio of the soil characteristic, respectively; ωf and ζf denote
the fundamental frequency and the equivalent damping ratio
of the soil filter, respectively. Considering the characteristic of
the soil is not the primary concern of this study and for further
study in the subsequent section, parametersωg, ζg,ωf and ζf are
taken as ωg = 12.5rads−1, ζg = 0.6, ωf = 2rads−1 and ζf =
0.7 according to the literature [44, 45].

3. Parametric analysis

To facilitate the comparison among the SDI systems, paramet-
ric studies concerning the key parameters of the SDI are car-
ried out in this section. A 2% damping SDOF structure with
a mass of 20000kg and natural period 0.54s is adopted as the
analytical model [46]. Considering the intrinsic property of
SMA is not the main concern of this study, the relevant para-
meters of SMA are first assumed for α= 0.1, ua = 0.005m
and ub = 0.05m according to the literature [18].

3.1. Performance indices

Three dimensionless indicators are pre-defined here to normal-
ize the parameters of SDI.

µ= min/m, λ= ks/k, κ= kd/k (24)

where µ is the inertance-mass ratio; λ is the stiffness ratio of
the SMA concerning the primary structure; κ is the stiffness
ratio of the spring element to the primary structure. In addition,
the performance indices are defined:

γu =
σu,SDI

σu,0
,γa =

σa,SDI

σa,0
,γd =

σu,SMA

σu
(25)

where γu, γa and γd are the displacement response mitiga-
tion ratio, acceleration response mitigation ratio and damping
deformation enhancement ratio, respectively. γu or γa smal-
ler than one indicates that the equipped SDI is effective in
reducing the displacement or acceleration responses. Owing
to the asynchronous vibration within the inerter system, the
deformation of the SMA within the SDI systems can be mag-
nified [24]. Therefore, γd is defined as an energy dissipation
evaluation indicator of the SDI, which reflects the damping
enhancement efficiency of the SDI. A larger γd implies that
the deformation of the SMA is more effectively magnified and
more vibration energy can be dissipated. Therefore, the damp-
ing enhancement effect of the SDI can be fully utilized and
the energy dissipation capacity of the SMA meanwhile can be
fully developed.

3.2. Structural response mitigation effect

Parameters analyses are conducted for different values of µ
(0.05, 0.1 and 0.2) with λ and κ varying continuously in the
range of 10−2 − 100, noted that the selection of µ and a similar
range ofλ andκwas investigated in the previous relevant study
[7, 25]. The contour plots of γu are shown in figures 3, 5 and 7,
with a specific color within the parameter space representing
the numerical value of γu. During the analysis process, it is
observed that the shape and variation trend of the figures of γa
are similar to that of γu, as shown in figures 4, 6 and 8.

It can be seen from figure 3 that with the increase of µ,
the minimum value of γu in each subplot decreases, and the
desired value of λ and κ for a decrease in γu shift to the
upper bound of the parameter ranges. When µ is determined,
a lower value of γu is generally accompanied by increases in
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Figure 3. Comparison of γu under different µ for the SDI-I equipped structure.

Figure 4. Comparison of γa under different µ for the SDI-I equipped structure.

Figure 5. Comparison of γu under different µ for the SDI-II equipped structure.

λ and κ. Additionally, closed contour lines can be observed
when µ is fixed, which implies that the optimal solution for
minimum γu can be obtained within the closed contour areas.
Compared with γu, the minimum value of γa is slightly larger
than γu when µ is fixed, which indicates that SDI-I can reduce
the displacement and acceleration responses simultaneously
while the efficiency in controlling the displacement response
is higher than the latter.

In the condition of the same parameter range of µ, λ
and κ, the contour plots of the SDI-II equipped structure are
also provided in figures 5 and 6. Different from the SDI-I
system, the location of the minimum γu appears at a lower
value of κ, which signifies that the SDI-II is more effective
in response mitigation (both displacement and acceleration

response) when κ takes a smaller value (when the stiffness of
the support is small). And an increase in µ leads to a broader
region of the small value of γu and γa. With fixed µ, the
effective response mitigation area locates at the inner part of
the parametric space with each contour plot has a peak point,
in other words, the reasonable parameter sets of SDI-II (µ, λ
and κ) can be optimized within the parameter interval. Mean-
while, from figure 5 it can be seen that the variation trends of
γa are similar to γu. But the boundaries of the contour lines
are broader and more diffused when γa is relatively larger (the
dark blue area).

Concerning SDI-III equipped structure, a different vari-
ation pattern of γu and γa can be observed, where the contour
plot forms a valley instead of a peak. An increase in µ leads to

6
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Figure 6. Comparison of γa under different µ for the SDI-II equipped structure.

Figure 7. Comparison of γu under different µ for the SDI-III equipped structure.

Figure 8. Comparison of γa under different µ for the SDI-III equipped structure.

a smaller value of γu and γa. Additionally, different from the
SDI-II controlled case, SDI-III is more effective in reducing
the response (both displacement and acceleration response)
when κ takes a larger value (when the stiffness of the support
is large).

3.3. Damping enhancement effect

Values of γd, similarly, can be calculated for the SDI-equipped
structure, and the contour plots are depicted in figures 9–11.
From the trend of γd shown in figure 9, with the increase of
µ, the peak value of γd decreases, which indicates that the
increase in µ can lower the damping enhancement effect of
the SDI-I. And the peak location of the contour plots moves

along the positive direction of λ axis and κ axis. When µ
is determined, the larger γd is accompanied by a relatively
wide range of λ and a designated area of κ (blue area). As
regards the SDI-II controlled case, an increase in µ can lead to
a broader region of the larger value of γd with a peak decrease
in γd, which is similar to the SDI-I controlled situation. How-
ever, the peak value of γd with the same µ is slightly larger
than the SDI-I controlled case. When the three elements are
both connected in series (SDI-III), similar to the above two
discussed cases, γd decreases with the increase of µ. A larger
γd is accompanied with a larger λ and κwhen µ is fixed. Com-
paring SDI-I and SDI-II controlled cases, it is noticeable that
the peak value of γd in the SDI-III equipped structure is smal-
ler which implies the damping enhancement effect of SDI-III
is relatively small among the SDI systems.

7
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Figure 9. Comparison of γd under different µ for the SDI-I equipped structure.

Figure 10. Comparison of γd under different µ for the SDI-II equipped structure.

Figure 11. Comparison of γd under different µ for the SDI-III equipped structure.

4. Parameter optimization of SDI system

4.1. Optimal design method

As discussed in the above parametric analysis, it can be
observed that different mechanical layouts of the SMA, spring,
and inerter elements lead to a different control characteristic
even though the input parameters are the same. Moreover, the
effective parameter sets (µ, λ and κ) for effective response
mitigation need to be acquired optimally since not all para-
meter leads to a beneficial response control. Therefore, the
goal in this section is to develop an optimal design method for
determining the parameters of SDI systems. During the design
process, both the structural response mitigation effect and the
damping enhancement effect are desirable to be achieved, in

other words, γu or γa is expected to be as small as possible to
achieve effective response mitigation effect and γd is expected
to be larger to fully utilize the beneficial damping enhance-
ment effect of the SDI. From section 3 it can be observed
that the optimal area of these two effects exists some devi-
ations. To achieve the optimal balance between the structural
response mitigation and the damping enhancement effect, γd
is considered as the objective function for optimization which
reflects the degree of the damping enhancement effect of the
SDI. The target displacement response mitigation ratio γu,t
and the target acceleration response mitigation ratio γa,t which
reflect the performance of the SDI-equipped structure con-
struct the constraint condition. Consequently, the design pro-
cess aims to find the optimal parameter set (µ, λ and κ) that
generates the maximum value of γd under the pre-specified

8
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(a) El Centro ground motion (b) Chi-Chi ground motion 

 

(c) Northridge ground motion (d) Kobe ground motion 

Figure 12. Fourier amplitude spectrum of four natural ground motions.

γu,t and γa,t. Based on the above discussion, the optimization
problem can be expressed in mathematical form as follows:

maximize
µ,λ and κ

γd

subject to


γu ⩽ γu,t
γa ⩽ γa,t
0< µ⩽ 1
0< λ⩽ 1
0< κ⩽ 1

(26)

where γu,t and γa,t denote the target displacement responsemit-
igation ratio and the target acceleration response mitigation
ratio, respectively, which are determined based on the initial
analysis of the structure. A computer program using the simu-
lated annealing algorithm is developed to solve equation (26)
in MATLAB [47] to obtain the optimal parameters of the SDI
systems. The simulated annealing algorithm [48] is a ran-
dom search algorithm for solving the combinational optimiz-
ation problem. By simulating the natural annealing process,
the global optimal solution of the object function in the para-
meter space can be obtained. During the iterative search pro-
cess, the introduction of the natural annealing mechanism can
avoid the drawbacks of being trapped in the local optimal solu-
tion, and is beneficial to improve the reliability of obtaining the
global optimal solution. Additionally, the simulated anneal-
ing algorithm has been used to optimize the parameters of the
inerter system in the previous study [49]. During the optimal
design process, the threshold of the optimal parameters ranges

from 0.01 to 1 corresponding to the parameter analysis con-
ducted in section 3. The whole optimization procedure can be
summarized as the following three steps:

Step 1: Conduct the initial analysis of the structure to eval-
uate its performance. Based on the analysis results, specify the
target response mitigation ratio γu,t and γa,t.

Step 2: Substituting the obtained γu,t and γa,t into
equation (26), establish the parameter optimization formula-
tion of the SDI-equipped structure.

Step 3: Operate the developed parameter optimization pro-
gram and obtain the optimal parameters of the SDI: µ, λ
and κ.

Based on the above proposed optimal design method, the
same model discussed in section 3 is adopted as the design
case. To achieve different performance levels and for an over-
all comparison among the SDI systems, three target vibration
mitigation ratios are adopted. The selection of the specific
value of γu,t and γa,t should consider two aspects: the desir-
able response mitigation effect and being achievable in all SDI
systems. On this basis, the initial value of the target displace-
ment mitigation ratio γu,t is selected according to the lower
value of figures 3 (γu = 0.34), 5 (γu = 0.37), and 7 (γu = 0.36).
Based on this, the approximate value is assumed as γu,t = 0.4.
Similarly, the initial value of the target acceleration mitigation
ratio γa,t is selected according to the lower value of figures 4
(γa = 0.44), 6 (γa = 0.37), and 8 (γa = 0.36). Therefore, the
approximate value is assumed as γa,t = 0.4. The increment of
both γu,t and γa,t is assumed as 0.1. In addition, figures 3–8
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show that the three SDI systems can approximately get the
minimum value of γu,t and γa,t nearly at the same position.
Therefore, the combination method of γu,t and γa,t is chosen
to be a direct one-to-one correspondence.

4.2. Structural displacement and acceleration response

In the previous section, the parametric analysis of the SDI is
conducted using the Clough and Penzien spectrum to model
the input ground motion. However, real ground motion is a
non-stationary random process and the frequency compon-
ent is various in general. Therefore, the parameter optimiz-
ation process illustrated in the above section is carried out
through the power spectral density of the real input ground
motions in this section. Four natural ground motions com-
prising different frequency components are selected from the
Pacific Earthquake Engineering Research database [50]: El
Centro ground motion (1940 Imperial Valley earthquake),
Chi–Chi ground motion (1999 Chi–Chi earthquake), North-
ridge ground motion (1994 Northridge earthquake) and Kobe
ground motion (1995 Kobe earthquake). The Fourier amp-
litude spectrum which reflects the frequency characteristic of
the ground motion and the normalized acceleration spectrum
are depicted in figures 12 and 13.

The root-mean-square response mitigation ratio γu,RMS and
γa,RMS calculated in the time domain are summarized in
table 1. It is worthmentioning that the 1st Arabic number of the
1st column in the table represents the corresponding optimal
target γu,t, and the 2nd number represents the γa,t. As presen-
ted in table 1, the target value (γu,t and γa,t) and the root-mean-
square value (γu,RMS and γa,RMS) match each other, validating
that the optimized parameters obtained based on the power
spectral density of the actual input ground motions are reli-
able. The optimal results of µ, λ and κ as well as the corres-
ponding γd under four input ground motions are tabulated in
tables 2–5. With given γu,t and γa,t, the obtained µ of SDI-I
is generally larger than that of the SDI-II and SDI-III, which
implies a larger space is required in the building to allocate the
SDI-I mass. Meanwhile, γd > 1 indicates that the deformation
of SMA is effectively amplified by the damping enhancement
effect of the SDI systems, among which it is noticeable that
damping enhancement of the SDI-II outperforms the others.
Therefore, the SDI-II indicates a better damping enhancement
effect and less material demand of SMA than the other SDI
systems.

Time history responses of the SDI-equipped structure for
γu,t = 0.6 and γa,t = 0.6 concerning the relative displacement
response and absolute acceleration response are shown in
figures 14–17. The conclusions drawn below based on γu,t =
0.6 and γa,t = 0.6 also hold for other control cases (γu,t = 0.4
with γa,t = 0.4 and γu,t = 0.5with γa,t = 0.5). From the inspec-
tion of the relative displacement time history responses, the
consistent conclusion can be summarized that all the SDI
controlled cases can achieve the response mitigation effect,
demonstrating the control effectiveness of the SDI systems.
The 2nd array subplots in figures 14–17 show that the abso-
lute acceleration responses of both the SDI controlled case

Figure 13. Normalized acceleration spectrum of four natural
ground motions.

Table 1. Results of response mitigation ratio under control cases in
section 4.1.

Control case

γu,RMS (γa,RMS)

El Centro Chi–Chi Northridge Kobe

SDI-I-0.4-0.4 0.39 (0.40) 0.40 (0.38) 0.40 (0.40) 0.40 (0.40)
SDI-II-0.4-0.4 0.39 (0.40) 0.40 (0.40) 0.40 (0.40) 0.40 (0.39)
SDI-III-0.4-0.4 0.39 (0.40) 0.40 (0.39) 0.40 (0.40) 0.40 (0.49)
SDI-I-0.5-0.5 0.49 (0.50) 0.49 (0.50) 0.50 (0.48) 0.50 (0.50)
SDI-II-0.5-0.5 0.49 (0.50) 0.49 (0.49) 0.50 (0.50) 0.50 (0.50)
SDI-III-0.5-0.5 0.48 (0.50) 0.49 (0.49) 0.49 (0.49) 0.50 (0.48)
SDI-I-0.6-0.6 0.60 (0.60) 0.59 (0.58) 0.60 (0.59) 0.60 (0.60)
SDI-II-0.6-0.6 0.58 (0.60) 0.60 (0.59) 0.59 (0.57) 0.60 (0.60)
SDI-III-0.6-0.6 0.57 (0.59) 0.60 (0.60) 0.60 (0.59) 0.60 (0.58)

are reduced simultaneously compared to the uncontrolled
structure, which is consistent with the above parameter ana-
lysis results obtained in section 3.2.

4.3. Energy dissipation effect

For further comparison of the energy dissipation difference
among the SDI-equipped structures, the energy dissipation
ratio is defined here to evaluate the energy dissipation capa-
city of the SDI systems:

γE =
Ed,SDI

Einput
(27)

where Ed,SDI and Einput denote the energy dissipated by the
SMA in the SDI and the total input structural energy, respect-
ively. Larger γE indicates that the input energy is more dissip-
ated effectively by the SDI. The energy dissipation ratio γE of
both the SDI-controlled cases under different ground motions
are tabulated in table 6. It is noticeable that over 60% of the
input energy is effectively dissipated by the SDI systems under
all controlled cases, indicating that less energy is transferred
to the structure. And smaller γu,t and γa,t are accompanied by
a larger portion of energy dissipation by the SDI systems. For
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Table 2. Optimization results for SDI-equipped structure under El Centro ground motion.

Control case

Optimization results

µ λ κ γd

SDI-I-0.4-0.4 0.4014 0.0764 0.5119 1.4796
SDI-II-0.4-0.4 0.2717 0.0729 0.1279 1.9979
SDI-III-0.4-0.4 0.2123 0.1306 0.5168 1.3833
SDI-I-0.5-0.5 0.1421 0.0246 0.1481 2.5713
SDI-II-0.5-0.5 0.0956 0.0344 0.0581 2.6843
SDI-III-0.5-0.5 0.1016 0.0604 0.7830 1.7191
SDI-I-0.6-0.6 0.0773 0.0152 0.0861 3.3936
SDI-II-0.6-0.6 0.0274 0.0102 0.0227 5.2529
SDI-III-0.6-0.6 0.0578 0.0391 0.9880 1.7747

Table 3. Optimization results for SDI-equipped structure under Chi–Chi ground motion.

Control case

Optimization results

µ λ κ γd

SDI-I-0.4-0.4 0.4102 0.0690 0.3562 1.9933
SDI-II-0.4-0.4 0.2143 0.0652 0.1114 2.5929
SDI-III-0.4-0.4 0.1765 0.1187 0.8553 1.6885
SDI-I-0.5-0.5 0.1743 0.0485 0.1392 2.5239
SDI-II-0.5-0.5 0.1455 0.0515 0.0835 2.9344
SDI-III-0.5-0.5 0.1028 0.0833 0.9224 1.7512
SDI-I-0.6-0.6 0.1818 0.0371 0.1583 2.6535
SDI-II-0.6-0.6 0.0405 0.0201 0.0333 4.5719
SDI-III-0.6-0.6 0.0536 0.0547 0.6975 1.7938

Table 4. Optimization results for SDI-equipped structure under Northridge ground motion.

Control case

Optimization results

µ λ κ γd

SDI-I-0.4-0.4 0.2781 0.0627 0.2106 1.6892
SDI-II-0.4-0.4 0.2478 0.0486 0.1125 2.5803
SDI-III-0.4-0.4 0.2097 0.0882 0.7987 1.6768
SDI-I-0.5-0.5 0.2791 0.0343 0.2153 2.3101
SDI-II-0.5-0.5 0.1994 0.0279 0.1090 3.0596
SDI-III-0.5-0.5 0.1281 0.0611 0.9254 1.7262
SDI-I-0.6-0.6 0.1885 0.0169 0.1305 2.9580
SDI-II-0.6-0.6 0.0245 0.0100 0.0194 5.1160
SDI-III-0.6-0.6 0.0524 0.0373 0.7483 1.7575

Table 5. Optimization results for SDI-equipped structure under Kobe ground motion.

Control case

Optimization results

µ λ κ γd

SDI-I-0.4-0.4 0.5009 0.0847 0.4680 1.4673
SDI-II-0.4-0.4 0.3020 0.0710 0.0782 1.8524
SDI-III-0.4-0.4 0.2988 0.1016 0.9997 1.4574
SDI-I-0.5-0.5 0.2186 0.0414 0.1935 2.0827
SDI-II-0.5-0.5 0.1367 0.0347 0.0674 2.5682
SDI-III-0.5-0.5 0.1220 0.0552 0.9778 1.6841
SDI-I-0.6-0.6 0.1401 0.0253 0.1319 2.6198
SDI-II-0.6-0.6 0.0420 0.0120 0.0299 4.3411
SDI-III-0.6-0.6 0.0638 0.0352 0.8712 1.7485
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(a) Relative displacement response (b) Absolute acceleration response 

Figure 14. Responses of structure with SDI systems under El Centro ground motion (γu,t = 0.6 and γa,t = 0.6).

  

(a) Relative displacement response (b) Absolute acceleration response 

Figure 15. Responses of structure with SDI systems under Chi–Chi ground motion (γu,t = 0.6 and γa,t = 0.6).

  

(a) Relative displacement response (b) Absolute acceleration response 

Figure 16. Responses of structure with SDI systems under Northridge ground motion (γu,t = 0.6 and γa,t = 0.6).

  

(a) Relative displacement response (b) Absolute acceleration response 

Figure 17. Responses of structure with SDI systems under Kobe ground motion (γu,t = 0.6 and γa,t = 0.6).

different types of groundmotions, the energy dissipation capa-
city of the SDI system is almost identical. In terms of different
types of SDI system, the energy dissipation capacity among
SDI systems shows similar behavior.

To illustrate the energy dissipation characteristic of the
SDI-equipped structures more intuitively, the hysteretic curves
of the SMA under different types of ground motion are depic-
ted in figure 18. It can be observed that the energy dissipation
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(a) Under El Centro ground motion  (b) Under Chi-Chi ground motion  

  

(c) Under Northridge ground motion  (d) Under Kobe ground motion  

Figure 18. Hysteretic curves of the SMA in SDI systems under different ground motions (γu,t = 0.6 and γa,t = 0.6).

Table 6. Results of γE under control cases in section 4.1.

Control case El Centro Chi–Chi Northridge Kobe

SDI-I-0.4-0.4 0.81 0.79 0.81 0.84
SDI-II-0.4-0.4 0.86 0.83 0.84 0.87
SDI-III-0.4-0.4 0.86 0.84 0.84 0.86
SDI-I-0.5-0.5 0.69 0.73 0.72 0.79
SDI-II-0.5-0.5 0.77 0.78 0.74 0.80
SDI-III-0.5-0.5 0.76 0.76 0.76 0.79
SDI-I-0.6-0.6 0.61 0.65 0.60 0.72
SDI-II-0.6-0.6 0.63 0.67 0.65 0.68
SDI-III-0.6-0.6 0.64 0.64 0.65 0.68

characteristic of the SDI systems differs although the energy
dissipation ratio shows little difference as shown in table 6.
The SDI-III generates a larger damping force with a relat-
ively smaller deformation whereas the SDI-II exhibits a larger
deformation with a relatively smaller damping force, which
is in agreement with the discussion in section 4.2. In other
words, the damping force of the SDI-II is smaller in com-
parison with other SDI systems, indicating that the damping
enhancement effect of SDI-II performs better than the other
SDI systems. On the other hand, it also implies that less mater-
ial demand of SMA can be achieved in SDI-II with the over-
all energy dissipation capacity almost similar to other SDI
systems.

5. Conclusions

Different mechanical layouts of SDI for structural response
control are proposed and investigated in this study. A
parameter comparative study is carried out by several perform-
ance indices, such as displacement response mitigation ratio,
acceleration response mitigation ratio, and damping deforma-
tion enhancement ratio. An optimal design method for determ-
ining the parameters of the SDI systems based on fully utiliz-
ing the damping enhancement effect is proposed. The main
conclusions drawn from this study can be summarized as
follows:

(a) Different mechanical layouts of the SDI can lead to differ-
ent control characteristics even the input parameters are all
the same. Parameter analysis results obtained in this study
canmotivate appropriate selection for SDImechanical lay-
out: under the conditions that the stiffness ratio κ takes a
smaller value (when the stiffness of the support is small),
SDI-II exhibits to be more effective in reducing the struc-
tural responses. For a larger κ situation (when the stiff-
ness of the support is large), SDI-III is found to be more
effective.

(b) Using the proposed optimal design method, the damping
enhancement effect of the SDI systems is fully utilized,
in other words, the energy dissipation capacity of SMA
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is fully developed and less material demand of SMA can
therefore be achieved. Meanwhile, the displacement and
acceleration responses of the SDI-equipped structures can
be simultaneously effectively mitigated.

(c) In terms of energy dissipation capacity, the optimized SDI
systems show similar behavior. However, the energy dis-
sipation characteristic differs, that is, the SDI-III system
generates a larger damping force with a relatively smaller
deformation whereas the SDI-II exhibits a larger deform-
ation with a relatively smaller damping force. In other
words, with almost identical energy dissipation capacity
of the three SDI systems, the damping force of SDI-II is
smaller, indicating that the damping enhancement effect of
SDI-II performs better than the other SDI systems. It also
implies that less material demand of SMA can be achieved
in SDI-II.

(d) The detailed realization difficulties of the SDI systems
such as the actual space to allocate the SDI systems and
the material cost of the SDI systems are important issues
for practical application. To address these issues, experi-
mental tests for the SDI systems will be investigated in the
future. Additionally, it is promissing for future studies to
extend the current work to structural vibration control with
other smart materials and SDI systems.
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